ABSOLUTE CONTINUITY OF INFINITELY DIVISIBLE DISTRIBUTIONS
HOWARD G. TUCKER L Introduction, and summary* A probability distribution function F is said to be infinitely divisible if and only if for every integer n there is a distribution function F n whose w-fold convolution is F. If F is infinitely divisible, its characteristic function / is necessarily of the form
• ( 1) f(u) = exp \iwt + ^(β*" -1 -^-j)-LtίL dG{x)) ,
where u e (-00,00), γ is some constant, and G is a bounded, nondecreasing function. J. R. Blum and M. Rosenblatt [1] have found necessary and sufficient conditions that F be continuous and necessary and sufficient conditions that F be discrete. The purpose of this note is to add to the results of Blum and Rosenblatt by giving sufficient conditions under which an infinitely divisible probability distribution F is absolutely continuous. These conditions are that G be discontinuous at 0 or that +• (llx 2 )dG ac (x) = 00, where G ac is the absolutely continuous component of G. In § 2 some lemmas will be proved, and in § 3 the proof of the sufficiency of these conditions will be given. All notation used here is standard and may be found, for example, in Loeve [2].
2 Some lemmas. In this section three lemmas are proved which will be used in the following section. LEMMA 1. If F and H are 
Proof. Let E(x) be the distribution function degenerate at 0, and let F* n (x) denote the convolution of F with itself n times. Then it is easy to see that the distribution function of Z, F z (z), may be written as 
and apply the Lebesgue monotone convergence theorem we obtain this conclusion.
3 The theorem* If G is a bounded nondecreasing function used in (1), then we may write G(x) = G s (x) + G ae (x), where G s is a singular nondecreasing function and G ac (x) is an absolutely continuous nondecreasing function.
THEOREM. Let F be an infinitely divisible distribution function with characteristic function (1). Then F is absolutely continuous if at least one of the following two conditions is satisfied:
(i) G is not continuous at 0, or (ii) Γ {llx*)dG ac {x) = cχ>.
J-oo
Proof. If condition (i) is satisfied, then by Lemma 1 it easily follows that F is absolutely continuous, since in that case F is a convolution of a normal distribution with another infinitely divisible distribution. We now prove that condition (ii) is sufficient. By Lemma 1 it is sufficient to prove that the distribution function F o whose characteristic function is is absolutely continuous. Let ε n > ε n+1 > 0 for each n be such that e n -> 0 as n -• co and such that 
F Ua {u) = Σ P([U 0 £ u] I C n )P(CJ + P([U t ^ u]C 0 ) .
By (4) and by hypothesis, we obtain
is the distribution function of X nΛ + W n9 where X nΛ and W n are independent random variables. Since the distribution function of X nΛ is absolutely continuous, it follows by Lemma 1 that
is absolutely continuous for each n. Lemma 2 then implies that F UQ (U) is absolutely continuous, which concludes the proof of the theorem. The condition given in this theorem is not necessary, as is shown in the following example. Let γ = 0 in (1), and let α, β be real numbers which satisfy β > 1,1 > a > β/2. For j = 1, 2, , let us denote
Let G be a pure jump function with jumps at x 3 -and -x 3 -of size ρ 3 for every i. (The total variation of G is 2^ft < °°.) In this case we obtain
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